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CANONICAL BASES FOR PERMUTOHEDRAL PLATES
NICK EARLY
Abstract. We study three finite-dimensional quotient vector spaces constructed from the linear
span of the set of characteristic functions of permutohedral cones by imposing two kinds of
constraints: (1) neglect characteristic functions of higher codimension permutohedral cones,
and (2) neglect characteristic functions of non-pointed permutohedral cones. We construct an
ordered basis which is canonical, in the sense that it has subsets which map onto ordered bases
for the quotients. We present straightening relations to the canonical basis, and using Laplace
transforms we obtain functional representations for each quotient space.
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1. Introduction
The purpose of this paper is two-fold: it contains general combinatorial and geometric results
about generalized permutohedra, but from our perspective it is motivated by surprising connec-
tions to physics, in particular to the study of scattering amplitudes in quantum field theory and
string theory.
This paper is devoted to the combinatorial analysis of the vector space of characteristic func-
tions of permutohedral cones, studied as plates by A. Ocneanu as communicated privately [17],
and by the author in [9, 10]. We derive a certain canonical basis of the space which is spanned
linearly by characteristic functions of permutohedral cones; these cones are dual to the faces of
the arrangement of reflection hyperplanes, defined by equations xi − xj = 0.
The basis is called canonical because of its compatibility with quotient maps to three other
spaces: subsets of the canonical plate basis descend to bases for the quotients. These maps
are constructed from one or both of two geometrically-motivated conditions, according to which
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2 NICK EARLY
characteristic functions of (1) higher codimension faces, or (2) non-pointed cones, are sent to
the zero element.
Plates are permutohedral cones: the edges extend along the root directions ei− ej. Plates are
labeled by ordered set partitions; when the blocks of an ordered partition are all singlets, then
the corresponding plate is encoded by a directed tree of the form {(i1, i2), (i2, i3), . . . , (in−1, in)}
and correspondingly have edge directions the roots eij − eij+1 .
We begin in Section 2 by introducing notation and collecting basic results about polyhedral
cones. In Section 3 we give linear relations which express the characteristic function of any
product of mutually orthogonal plates as a signed sum of plates which have the ambient dimen-
sion n − 1. We come to our main result, the construction of canonical plate basis, in Section
4 and give two graded dimension formulas. In Section 5 we give formulas which express the
characteristic function of a permutohedral cone encoded by a directed tree as a signed sum of
characteristic functions of plates. In Theorem 36 of Section 6, we present a straightening formula
which expands the characteristic function of any plate in the canonical basis.
It would be interesting to study Hopf algebraic properties of the canonical plate basis. For a
possible starting point, one could look toward the product formula for WQSym, as represented
on characteristic functions of polyhedral cones in Theorem 5.2 in [15], keeping in mind the
formula in Theorem 21 in the present paper.
One consequence of Theorem 33 and Corollary 41 is the possibility to derive the identities
satisfied by the so-called Cayley functions from [14]; indeed, interpreting Cayley functions as
Laplace transforms of permutohedral cones (in the terminology which follows, functional rep-
resentations of type Pn1 ) solves the problem by allowing the application of Proposition 46. By
extension, this in part motivates the question studied in [10], to explain in the same way the
more intricate combinatorial constructions from [1, 8] using permutohedral cones. Also relevant
to the construction linking permutohedra and functional representations, are [11, 13].
While the permutohedral cones studied in the present paper are all linear, having as faces
hyperplanes which have the common intersection point (0, . . . , 0), one could introduce defor-
mations, allowing translations by integer multiples of roots ei − ej. This has some interesting
consequences. In the setting of [9], such translations were essential in the proof of an Sn-
equivariant analog of the classical Worpitzky identity from combinatorics: on one side of the
identity are plates embedded in dilated simplices, and on the other side are plates intersected
with translations of unit hypersimplices along integer multiples of roots ei − ej. For a rather
different multi-parameter deformation, for inspiration one could look toward the construction of
the canonical form of the permutohedron in [2].
2. Landscape: basic properties of cones and plates
Throughout this paper we shall assume n ≥ 1.
The all-subset hyperplane arrangement lives inside the linear hyperplane V n0 ⊂ Rn defined
by x1 + · · · + xn = 0, and consists of the special hyperplanes ∑i∈I xi = 0, as I runs through
the proper nonempty subsets of {1, . . . , n}. This paper deals with the subspace of functions
supported on V n0 lying in the span of characteristic functions [U ] of subsets U which are closed
cones in the all-subset arrangement. Certain subsets U play a special role in this theory.
Definition 1. An ordered set partition of {1, . . . , n} is a sequence of blocks (S1, . . . , Sk), where
∅ 6= Si ⊆ {1, . . . , n} with Si ∩ Sj = ∅ for i 6= j, and with ∪ki=1Si = {1, . . . , n}. For each such
ordered set partition, the associated plate pi = [S1, . . . , Sk] is the cone defined by the system of
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inequalities
xS1 ≥ 0
xS1∪S2 ≥ 0
...
xS1∪···∪Sk−1 ≥ 0
xS1∪···∪Sk =
n∑
i=1
xi = 0,
where xS =
∑
i∈S xi for each S ⊆ {1, . . . , n}. When the Si’s are singlets we write simply
pi = [i1, . . . , in], where ia stands for the unique element of Sa. We denote by [pi] = [[S1, . . . , Sk]]
the characteristic function of the plate pi.
Denote by len(pi) the number of blocks in the ordered set partition which labels pi.
Note that the polyhedral cones in [15] are obtained from the above definition for permutohedral
cones by relaxing the condition in the last line ∑ni=1 xi = 0 to ∑ni=1 xi ≥ 0.
This paper studies four spaces Pˆn,Pn, Pˆn1 ,Pn1 , as related by a diagram of linear surjections:
Pˆn −−−→ Pˆn1y y
Pn −−−→ Pn1
(1)
The horizontal (respectively vertical) maps mod out by characteristic functions of cones which
are not pointed (respectively not full-dimensional). In particular, the upper left space Pˆn is the
linear span of characteristic functions of all plates. The upper right space Pˆn1 is the quotient
of Pˆn by the span of the characteristic functions of plates which are not pointed: they contain
doubly infinite lines. The lower left space Pn requires somewhat more care to define: it is the
quotient of Pˆn by the span of those linear combinations of characteristic functions of plates
which vanish outside a set of measure zero in V n0 . The lower right space Pn1 is the quotient of
Pˆn by the span of both characteristic functions of non-pointed plates and linear combinations
which vanish outside sets of measure zero in V n0 .
The subscript 1 on Pˆn1 and Pn1 is intended to remind that only characteristic functions of
plates labeled by ordered set partitions having all blocks of size 1 are nonzero.
In Theorem 28 we construct the canonical plate basis for Pˆn. It is unitriangularly related
to the given basis of characteristic functions [pi], with the virtue that it contains subsets which
will descend to bases for the other three spaces. In particular, this will show that the quotient
spaces have dimensions given as follows:
dim
(
Pˆn
)
= ∑nk=1 k!S(n, k) (Ordered Bell #’s) dim (Pˆn1 ) = ∑nk=1 s(n, k) = n!
dim (Pn) = ∑nk=1(k − 1)!S(n, k) (Cyclic Bell #’s) dim (Pn1 ) = s(n, 1) = (n− 1)! .
Here S(n, k) is the kth Stirling number of the second kind, which counts the set partitions of
{1, . . . , n} into k parts, and s(n, k) is the (unsigned) Stirling number of the first kind which counts
the number of permutations which have k cycles (including singlets) in their decompositions into
disjoint cycles.
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The canonical basis of Pˆn is naturally graded, and the corresponding dimensions are given
below. The first six rows are given below; note that the rows sum to the ordered Bell numbers
(1, 3, 13, 75, 541, 4683).
1
2 1
6 6 1
26 36 12 1
150 250 120 20 1
1082 2040 1230 300 30 1
In Corollary 31 we observe that the rows are given by the equation
Tn,k =
n∑
i=k
S(n, i)s(i, k),
where S(n, i) is the Stirling number of the second kind, and s(i, k) is the Stirling number of the
first. This is given in O.E.I.S. A079641.
Further, as the canonical basis of Pˆn passes to one for Pˆn1 , with graded dimensions the (un-
signed) Stirling numbers of the first kind.
1
1 1
2 3 1
6 11 6 1
24 50 35 10 1
120 274 225 85 15 1
Finally, the space Pn1 has only one graded component, of dimension (n−1)!. However, it turns
out there is an algebra related to Pn1 which is the associated graded version of Pˆn1 , for which [18]
is relevant. The study is beyond the scope of this paper and we leave it to future work.
2.1. Notation and conventions. Recall that a chain of inequalities xi1 ≥ xi2 ≥ · · · ≥ xin
with ∑xi = 0 cuts out a simplicial cone called a Weyl chamber in the arrangement of reflection
hyperplanes, defined by equations xi − xj = 0, of type An−1. Weyl chambers are thus labeled
by permutations (i1, . . . , in) in one-line notation.
A polyhedral cone is an intersection of finitely many half spaces ∑nj=1 ai,jxj ≥ 0 in Rn, for
some integer constants ai,j. For example, the chain of inequalities which define a Weyl chamber
can be reorganized as
xi1 − xi2 ≥ 0, . . . , xin−1 − xin ≥ 0, with
∑
xi = 0,
so it is a polyhedral cone. Letting e1, . . . , en denote the standard basis for Rn, if I is a subset of
{1, . . . , n}, set eI = ∑i∈I ei and let e¯I = |Ic|n eI − |I|n eIc be the projection of eI onto V n0 , along the
vector (1, . . . , 1). A polyhedral cone is pointed if it does not contain any lines which extend to
infinity in both directions.
Given {v1, . . . , vk} ⊂ Rn, denote by 〈v1, . . . , vk〉+ := {c1v1 + · · ·+ ckvk : ci ≥ 0} their conical
hull. For example, a Weyl chamber is a conical hull, since it can also be obtained as the set of
all linear combinations of a set of vectors with nonnegative coefficients,〈
e¯i1 , e¯{i1,i2}, . . . , e¯{i1,i2,...,in−1}
〉
+
= {c1e¯i1 + c2e¯{i1,i2} + · · ·+ cn−1e¯{i1,...,in−1} : ci ≥ 0}.
Further, the conical hull of the roots of type An−1, 〈ei1−ei2 , . . . , ein−1−ein〉+ is called a root cone,
and it is easy to check that it coincides with the plate [i1, . . . , in]. We leave it as an exercise for
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the reader to check that, if (S1, . . . , Sk) is an ordered set partition of {1, . . . , n}, then we have
[S1, . . . , Sk]
= 〈ea − eb : either a, b ∈ Sj for j = 1, . . . , k, or (a, b) ∈ Si × Si+1 for i = 1, . . . , k − 1〉+ .(2)
Definition 2. The Minkowski sum of two polyhedral cones C1, C2 is given by C1 + C2 =
{u+ v : u ∈ C1, v ∈ C2}. Denote by [C1] · [C2] = [C1 ∩ C2] the pointwise product of their
characteristic functions, and denote by
[C1] • [C2] = [C1 + C2] = [{u+ v : u ∈ C1, v ∈ C2}]
their convolution, which is the characteristic function of the Minkowski sum C1 + C2.
Remark 3. See [4] for details on the constructions of · and • as bi-linear maps on the Q-vector
space of characteristic functions of cones. Note however that we extend the coefficient field to
C.
There is a notion of duality for polyhedral cones.
Definition 4. Let C be a polyhedral cone in V n0 . The dual cone to C, denoted C?, is defined
by the equation
C? = {y ∈ V n0 : y · x ≥ 0 for all x ∈ C}.
Remark 5. Dual cones are known to satisfy the following properties.
(1) The dual C? of a cone C with nonempty interior is pointed.
(2) The dual C? of a pointed cone C has nonempty interior.
(3) If a cone C is convex and topologically closed, then (C?)? = C.
See for example [6] for details.
Remark 6. We shall need the following results from [4], Theorem 2.7 and respectively Corollary
2.8, where we extend the field from Q to C.
• Duality for cones respects linear relations among their characteristic functions: if C1, . . . , Ck
are cones and for some constants c1, . . . , ck ∈ C we have
k∑
i=1
ci[Ci] = 0
then the same relation holds among the characteristic functions for the dual cones,
k∑
i=1
ci[C?i ] = 0,
interchanging the pointwise product and the convolution.
• There exists a linear map on the vector space spanned by characteristic functions of
cones, which we also denote by ?, such that [C]? = [C?].
• Duality for cones interchanges intersections and Minkowski sums: if C1, C2 are cones,
then [C1 ∩ C2] = [C1] · [C2], and moreover
([C1] · [C2])? = [C?1 ] • [C?2 ].
Example 7. Denote e¯1 = (2,−1,−1)/3 and e¯2 = (−1, 2,−1)/3, hence e¯1 + e¯2 = (1, 1,−2)/3 =
−e¯3. Then the two cones, the simple root cone
〈e1 − e2, e2 − e3〉+
and the Weyl chamber
〈e¯1, e¯1 + e¯2〉+,
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are dual to each other. See Figure 1.
(1,-1,0)
(0,1,-1)
(2,-1,-1)/3
(1,1,-2)/3
Figure 1. Dual Cones for Example 7
Definition 8. Denote by [S1, . . . , Sk]? the face of the reflection arrangement labeled by the
ordered set partition (S1, . . . , Sk), given by the equations
(xs1,1 = · · · = xs1,l1 ) ≥ (xs2,1 = · · · = xs2,l2 ) ≥ · · · ≥ (xsk,1 = · · · = xsk,lk ), x1 + · · ·+ xn = 0
(where si,1, . . . , si,li are the elements of Si), or for short
x(S1) ≥ x(S2) ≥ · · · ≥ x(Sk), x1 + · · ·+ xn = 0,
where for compactness the symbol x(S) is defined to be the list of equations (xi1 = · · · = xi|S|),
for a subset S = {i1, . . . , i|S|} of {1, . . . , n}.
This can be given equivalently as the conical hull〈
e¯S1 , e¯S1 + e¯S2 , . . . , e¯S1 + · · ·+ e¯Sk−1
〉
+
.
Proposition 9. If (S1, . . . , Sk) is an ordered set partition of a subset S ⊆ {1, . . . , n}, then the
dual cone [S1, . . . , Sk]? to
[S1, . . . , Sk] =
∑
i∈S
xiei ∈ V n0 :
∑
i∈S1∪···∪Sj
xi ≥ 0, for each j = 1, . . . , k − 1

equals t1 ∑
i∈S1
ei + · · ·+ tk
∑
i∈Sk
ei ∈ V n0 : t1 ≥ · · · ≥ tk
 .
Proof. Suppose y · x ≥ 0 for all x ∈ [S1, . . . , Sk]. By Equation (2),
[S1, . . . , Sk] = 〈ea − eb : either a, b ∈ Si or (a, b) ∈ Si × Si+1 for i = 1, . . . , k − 1 〉+ ,
it suffices to check that, for either a, b ∈ Si or (a, b) ∈ Si × Si+1, we have
ya − yb = y · (ea − eb) ≥ 0 and yb − ya = y · (eb − ea) ≥ 0.
Thus,
y = t1
∑
i∈S1
ei + · · ·+ tk
∑
i∈Sk
ei +
∑
i∈Sc
yiei
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for some t1, . . . , tk and yi, such that |S1|t1 + · · · + |Sk|tk + ∑i∈Sc yi = 0. Now, for each i =
1, . . . , k − 1, for any (a, b) ∈ Si × Si+1 we have ti − ti+1 = y · (ea − eb) ≥ 0, or ti ≥ ti+1. 
Corollary 10 follows from (2). For pedagogical reasons we include a different proof using
duality.
Corollary 10. If pi = [S1, . . . , Sk] is a plate, then we may factor its characteristic function using
the pointwise product. Set theoretically we have
pi = [S1, . . . , Sk] =
k−1⋂
i=1
[S1 ∪ · · · ∪ Si, Si+1 ∪ · · · ∪ Sk],
or in terms of the pointwise product for characteristic functions,
[pi] = [[S1, S2 ∪ S3 · · · ∪ Sk]] · [[S1 ∪ S2, S3 ∪ · · · ∪ Sk]] · · · [[S1 ∪ S2 · · · ∪ Sk−1, Sk]].
Using Minkowski sums it can be expressed as
pi =
k−1∑
i=1
[Si, Si+1],
and correspondingly terms of the convolution product for characteristic functions,
[pi] = [[S1, S2]] • [[S2, S3]] • · · · • [[Sk−1, Sk]],
where
[Si, Si+1] =
 ∑
j∈Si∪Si+1
xjej ∈ V n0 :
∑
j∈Si
xj ≥ 0,
∑
j∈Si∪Si+1
xj = 0
 .
Proof. The identity for the intersection products follows immediately from the defining inequal-
ities for plates.
For the convolution product identity it is convenient first to dualize,
[[S1, S2]] • [[S2, S3]] • · · · • [[Sk−1, Sk]] = ([[S1, S2]]? · [[S2, S3]]? · · · [[Sk−1, Sk]]?)? ,
where by Proposition 9 we have
[[Si−1, Si]]? =
[
{y ∈ V n0 : y(Si) ≥ y(Si+1)}
]
.
Thus,
([[S1, S2]]? · [[S2, S3]]? · · · [[Sk−1, Sk]]?)?
=
([
{x ∈ V n0 : x(S1) ≥ x(S2)}
]
· · ·
[
{x ∈ V n0 : x(Sk−1) ≥ x(Sk)}
])?
=
[
{x ∈ V n0 : x(S1) ≥ · · · ≥ x(Sk)}
]?
=
[{
x ∈ V n0 : xS1 ≥ 0, . . . , xS1∪···∪Sk−1 ≥ 0
}]
= [[S1, . . . , Sk]],
where as usual we use the shorthand notations xS =
∑
i∈S xi and x(S) = (xs1 = · · · = xs|S|), for
S a subset of {1, . . . , n}.

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2.2. Genericity. The relationships between Pˆn,Pn, Pˆn1 and Pn1 reduce to variations on a single
linear identity. If S1, S2 ( {1, . . . , n} are any two disjoint nonempty subsets, then the charac-
teristic function of the set
{x ∈ V n0 : xS1 = xS2 = 0 and xj = 0 for all j 6∈ S1 ∪ S2},
represented by the pointwise product [[S1, S2]] · [[S2, S1]], can be expressed via
[[S1, S2]] + [[S2, S1]] = [[S1, S2]] · [[S2, S1]] + [[S1 ∪ S2]].
The above identity holds in Pˆn. To obtain the identity which holds in Pn we specialize to
[[S1, S2]] + [[S2, S1]] = [[S1 ∪ S2]],
where [[S1 ∪ S2]] is the characteristic function of the set
[S1 ∪ S2] =
 ∑
j∈S1∪S2
xjej ∈ Rn :
∑
j∈S1∪S2
xj = 0
 ⊆ V n0 .
In Pˆn1 and Pn1 we we assume that S1, S2 ⊂ {1, . . . , n} are singlets and specialize to respectively
[[S1, S2]] + [[S2, S1]] = [[S1, S2]] · [[S2, S1]]
and
[[S, Sc]] + [[Sc, S]] = 0.
3. Plate homology: from plates to their faces
The main result of this section is Theorem 21, which expands the face of a plate as a linear
combination of characteristic functions of plates in Pˆn.
While the symmetric group does not play an essential role in this paper, let us point out some
of the symmetry properties of plates which were implicit in [9]. The action of the symmetric
group Sn on plates is inherited from the coordinate permutation on Rn. In the plate notation,
σ ∈ Sn acts on characteristic functions of plates [[S1, . . . , Sk]] by permuting elements in the
blocks Si.
Remark 11. The permutation group Sn preserves the following operations on characteristic
functions of plates.
(1) Inclusion:
[[S1, . . . , Sk]] 7→ [[T1, . . . , Tl]]
where l ≤ k, each Ti is a union of some consecutive Sj’s and we still have ∪li=1Ti =
{1, . . . , n}. Note that from the defining inequalities we have the inclusion of cones
[S1, . . . , Sk] ⊆ [T1, . . . , Tl].
(2) Block permutation:
[[S1, . . . , Sk]] 7→ [[Sτ1 , . . . , Sτk ]]
for a permutation τ ∈ Sk.
(3) Restriction to a face:
[[S1, . . . , Sk]] = [[S1, S2]] • · · · • [[Sk−1, Sk]] 7→ [[Si1 , Si1+1]] • · · · • [[Sil , Sil+1]]
for any subset {i1, . . . , il} ⊆ {1, . . . , k − 1}.
Proposition 12. The space Pˆn, the linear span of the characteristic functions of plates pi, has
linear dimension the ordered Bell number ∑nk=1 k!Sn,k, where Sn,k are the Stirling numbers of the
second kind, which count the number of set partitions of {1, . . . , n} into k disjoint subsets.
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Proof. By Remark 6, the involution ? preserves linear relations among characteristic func-
tions; therefore it provides a natural isomorphism of vector spaces from Pˆn onto the space
spanned by the characteristic functions of faces of Weyl chambers. Further, for each dimension
k = 0, . . . , n− 1, these faces have non-intersecting relative interiors and consequently their char-
acteristic functions are linearly independent, and by the duality map ?, plates in Pˆn are as well.
Therefore, to extract the dimension formula it suffices to count the faces of the arrangement of
reflection hyperplanes; but these are in bijection with the ordered set partitions of {1, . . . , n},
which are counted by the ordered Bell numbers. 
Definition 13. Let S = (S1, . . . , Sk) be an ordered set partition of {1, . . . , n}. Suppose T =
(T1, . . . , Tl) is another ordered set partition of {1, . . . , n}, such that each block Ti of T is a union
of blocks Sj of S. Define pi ∈ {1, . . . , l} by the condition that Si is a subset of Tpi . Thus if Si is
a subset of the first block of T then p1 = 1. Then T has the orientation pi ≤ pj with respect to
S whenever Si appears to the left of Sj in T, with equality if and only if Si unionsq Sj ⊆ Ta for some
a ∈ {1, . . . , l}. In the case that T satisfies pi < pj, we shall say that T is compatible with the
orientation pi < pj.
Definition 14. Let S = (S1, . . . , Sk) be an ordered set partition of {1, . . . , n} Another ordered
set partition T = (T1, . . . , Tm) of {1, . . . , n} is a shuffle-lumping of ordered set partitions
S1 = (S1, S2, . . . , Sk1),S2 = (Sk1+1, Sk1+2, . . . , Sk1+k2), . . . ,Sl = (Sk1+···+kl−1+1, . . . , Sk1+···+kl),
provided that each ordered set partition Si is compatible with the orientations
p1 < p2 < · · · < pk1
pk1+1 < pk1+2 < · · · < pk1+k2
...
pk1+···+kl−1+1 < pk1+···+kl−1+2 < · · · < pn.
Example 15. The plate [S1, . . . , Sk] is uniquely characterized among its shuffle-lumpings by the
set of orientations p1 < p2 < · · · < pk on the blocks S1, . . . , Sk.
Example 16. If (S1, S2, S3, S4) = (1, 4, 23, 5) and (S5, S6) = (678, 9), then shuffle-lumped plates
include for example
[1, 4678, 23, 59] and [678, 1, 4, 23, 9, 5].
Then [1, 4678, 23, 59] is a plate with the smallest possible number of blocks, while [678, 1, 4, 23, 9, 5]
is a plate with the largest possible number of blocks, in the shuffle-lumping of the set composi-
tions (S1, S2, S3, S4) and (S5, S6).
Example 17. The shuffle-lumpings of (S1, S2) = ({1}, {2, 3}) and (S3, S4) = ({4}, {5}) are
{(1, 23, 4, 5), (1, 234, 5), (1, 4, 23, 5), (14, 23, 5), (4, 1, 23, 5), (1, 4, 235), (14, 235), (4, 1, 235),
(1, 4, 5, 23), (14, 5, 23), (4, 1, 5, 23), (4, 15, 23), (4, 5, 1, 23)}.
In Lemma 18 we decompose the characteristic function of a union of closed Weyl chambers
into an alternating sum of partially closed Weyl chambers in a canonical way that depends on
descent positions, with respect to the natural order (1, . . . , n). See [23] for a systematic approach
using so-called (P, ω)-partitions.
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Lemma 18. We have the decomposition into disjoint sets
V n0 = unionsqσ∈SnCσ,
where each Cσ is the partially open Weyl chamber defined by
xσi ≥ xσi+1 if σi < σi+1
and
xσi > xσi+1 if σi > σi+1.
The characteristic function of Cσ, with σ = (σ1, . . . , σn) given, is
[Cσ] =
∑
pi
(−1)n−len(pi)[pi?],
where the sum is over the set of plates pi = [(S1, . . . , Sk)] which are labeled by ordered set partitions
(S1, . . . , Sk) with blocks Si defined as follows. Let
{d1 < · · · < dk−1} = {i : σi < σi+1}.
Also set d0 = 0 and dk = n. Then put
Si = {σp : di−1 < p ≤ di}.
Proof. Any x ∈ V n0 not in any reflection hyperplane xi = xj is in the interior of the Weyl
chamber labeled by the order of its coordinate values, xσ1 > · · · > xσn , say. Now if x is in the
interior of a face labeled by an ordered set partition (S1, . . . , Sk) of {1, . . . , n}, having the form
x = t1eS1 + · · ·+ tkeSk ,
for some t1 > t2 > · · · > tk with ∑ki=1 |Si|ti = 0, then we put x ∈ Cσ where the permutation σ
is obtained from (S1, . . . , Sk) by placing the labels in each block Si in increasing order and then
concatenating the blocks.
The formula for [Cσ] follows from the standard inclusion-exclusion expression for the character-
istic function of the complement of the union of the codimension 1 faces [σ1, . . . , σiσi+1, . . . , σn]?
corresponding to descents σi > σi+1 in σ:
[σ1, . . . , σn]? \
 ⋃
σi>σi+1
[σ1, . . . , σiσi+1, . . . , σn]?
 ,
that is
[Cσ] = [[σ1, . . . , σn]?]−
∑
pi′
(−1)n−1−len(pi′)[(pi′)?] = ∑
pi
(−1)n−len(pi)[pi?]
where the middle sum is over the lumpings pi′ of [σ1, . . . , σn] at descents σi > σi+1 (excluding
[σ1, . . . , σn] itself), and the right sum now includes [σ1, . . . , σn]. 
Example 19. The characteristic functions of the partially open Weyl chambers respectively
{x ∈ V 30 : x1 ≥ x2 ≥ x3}
{x ∈ V 30 : x2 > x1 ≥ x3}
{x ∈ V 30 : x3 > x2 > x1}
can be obtained as linear combinations of characteristic functions of dual plates as
[C(1,2,3)] = [[1, 2, 3]]?
[C(2,1,3)] = [[2, 1, 3]]? − [[21, 3]]?
[C(3,2,1)] = [[3, 2, 1]]? − [[32, 1]]? − [[3, 21]]? + [[321]]?.
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More generally, in Lemma 18 we replace Weyl chambers, labeled by permutations, with higher
codimension faces of the reflection arrangement which are labeled by ordered set partitions.
Suppose
S1 = (S1, . . . , Sk1), . . . ,Sl = (Sk1+···+kl−1+1, . . . , Sk1+···+kl)
are ordered set partitions of respectively ⋃S∈Si S, i = 1, . . . , l, and let σ = (σ1, . . . , σl) be a
permutation of {1, . . . , l}. Define an embedding ι : V l0 ↪→ V k1+···+kl0 by
l∑
i=1
tiei 7→
l∑
i=1
(
ti
|Si|
)
eSi .
Corollary 20. We have
[ι(Cσ)] =
∑
pi
(−1)l−len(pi)[ι(pi?)],
where the sum is the same as in Lemma 18.
In Theorem 21, we replace the natural order (1, . . . ,m) with an ordered set partition
(S1, S2, . . . , Sm)
of {1, . . . , n}, where m = k1 + · · ·+ kl.
The proof in what follows of Theorem 21 illustrates the essential role of the duality isomor-
phism from Definition 4 and utilizes directly set-theoretic inclusion-exclusion arguments. Now,
by way of Theorem 5.2 of [15], the same formula holds if we extend plates from V n0 into the
ambient space Rn, in which case the last line of the plate equations becomes x1 + · · ·+ xn ≥ 0.
Theorem 21. Given l ordered set partitions
S1 = (S1, S2, . . . , Sk1),S2 = (Sk1+1, Sk1+2, . . . , Sk1+k2), . . . ,Sl = (Sk1+···+kl−1+1, . . . , Sk1+···+kl)
such that ⊔k1+···+kli=1 Si = {1, . . . , n}, then we have the identity for characteristic functions of
plates in Pˆn,
[[S1]] • · · · • [[Sl]] =
∑
pi
(−1)m−len(pi)[pi],
where m = k1 + · · ·+ kl and pi runs over all shuffle-lumpings of S1, . . . ,Sl.
Proof. We shall work in the space of characteristic functions of faces of the reflection arrangement
and then dualize to obtain the identity for characteristic functions of plates.
We have
[Si]? =
{
m∑
i=1
tieSi ∈ V n0 : tki−1+1 ≥ · · · ≥ tki
}
and thus
[S1]? ∩ · · · ∩ [Sl]? =

m∑
i=1
tieSi :
t1 ≥ t2 ≥ · · · ≥ tk1 ,
tk1+1 ≥ · · · ≥ tk1+k2 ,
...
tk1+···+kl−1+1 ≥ · · · ≥ tk1+···+kl
 ,
which lives in a copy of V m0 embedded in V n0 as ι(
∑m
i=1 tiei) 7→
∑m
i=1 ti(eSi/|Si|).
Then ι−1 ([S1]? ∩ · · · ∩ [Sl]?) ⊆ V m0 is a union of Weyl chambers
⋃
τ [τ ]? defined by yτ1 ≥ · · · ≥
yτm labeled by shuffles (τ1, . . . , τm) of
σ1 = (1, 2, . . . , k1), . . . , σl = (m− kl + 1, . . . ,m) .
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We replace each such (closed) Weyl chamber defined by yτ1 ≥ · · · ≥ yτm with the partially open
Weyl chamber Cτ from Lemma 18 and obtain the disjoint union
ι−1 ([S1]? ∩ · · · ∩ [Sl]?) ⊇
⊔
τ
Cτ ,
where the disjoint union is dense in the (closed) left hand side. Thus, equality will follow once
we establish that ⊔τ Cτ is already topologically closed.
Supposing x is in a missing boundary face of some partially open Weyl chamber Cτ , then
the coordinates of x satisfy an equality xd = xd+1 where τd > τd+1 is a descent of τ . But
since σ1, . . . , σl are all increasing, this can happen only if τd and τd+1 belong to two different
permutations, say σi and respectively σj, for some i 6= j. This implies that the permutation τ ′
obtained from τ by switching τd and τd+1 is also a shuffle of σ1, . . . , σl, hence x ∈ Cτ ′ , proving
the equality.
This, together with the expansion from Lemma 18 for the characteristic function [Cτ ] implies
the identity for characteristic functions
[ι−1 ([S1]? ∩ · · · ∩ [Sl]?)] =
∑
τ
[Cτ ] =
∑
τ
(∑
piτ
(−1)m−len(piτ )[ι−1(pi?τ )]
)
,
where the inner sum is over all lumpings of the plate piτ which can occur at the descents of τ .
It follows from Theorem 2.3 of [4] that the ι induces a unique linear map on the space of
characteristic functions, and we obtain
[[S1]? ∩ · · · ∩ [Sl]?] =
∑
τ
[ι(Cτ )] =
∑
τ
(∑
piτ
(−1)m−len(piτ )[pi?τ ]
)
.
We finally dualize again to obtain the sum over all shuffle-lumpings
[[S1]] • · · · • [[Sl]] =
∑
pi
(−1)m−len(pi)[pi].

Note that in the convolution [[S1]] • · · · • [[Sl]], since the subsets ∪S∈S1S, . . . ,
∑
S∈Sl S are
assumed to be mutually disjoint, the plates [Si] live in mutually orthogonal subspacesx ∈ V n0 : ∑
S∈Si
xS = 0, and xj = 0 for j 6∈ ∪S∈SiS
 ⊆ V n0 ,
for i = 1, . . . , l.
Example 22. Let S1 = {1} and (S2, S3) = ({2}, {3}). Then Theorem 21 says that
[[1]] • [[2, 3]] = [[1, 2, 3]] + [[2, 1, 3]] + [[2, 3, 1]]− ([[12, 3]] + [[2, 13]]) .
See Figure 2.
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Figure 2. The characteristic function [[1]] • [[2, 3]]
4. Constructing the canonical plate basis
We generalize the notion of the cycle decomposition, from permutations to ordered set parti-
tions. The geometric motivation is to establish a graded basis for Pˆn such that the dth graded
piece is spanned by characteristic functions of faces of dimension d of the all-subset hyper-
plane arrangement. These faces are Minkowski sums of standard plates which lie in mutually
orthogonal subspaces of V n0 .
In what follows, we fix once and for all the standard ordered set partition (I1, I2, . . . , In) of
{1, . . . , n}, where Ij = {j}. For compactness, we shall abuse notation and write j instead of Ij.
However, it should not be forgotten that this obscures an action of the product group Sn×Sn,
where one factor permutes the order of the blocks and the other permutes their contents.
Definition 23. A composite set partition of {1, . . . , n} is a set {S1, . . . ,Sl} where each Si is an
ordered set partition of a subset Ji ⊂ {1, . . . , n}, such that {J1, . . . , Jl} is an (unordered) set
partition of {1, . . . , n}. If each Si has the property that its first block contains the minimal label
in Ji, then the composite set partition is called standard.
Say that a composite set partition {S1, . . . ,Sl} satisfies the orientations, pa < pb respectively
pa > pb, if either (1) a and b are in different ordered set partitions Si and respectively Sj, or (2)
a and b are both in some ordered set partition Si and pa < pb, respectively pa < pb. Say that
pa = pb if and only if a and b are in the same block of the same ordered set partition. Note that
any composite set partition {S1, . . . ,Sl} labels a convolution product of characteristic functions
of plates.
Looking toward Theorem 28 we define preemptively the canonical bases for the four spaces
Pˆn, Pn, Pˆn1 and Pn1 .
Definition 24. The canonical basis for Pˆn will consist of all characteristic functions
[[S1]] • · · · • [[Sl]],
as {S1, . . . ,Sl} runs over all standard composite set partitions. The canonical basis for Pn will
be obtained from the subset of the above, consisting of all characteristic functions
[[S1, . . . , Sk]],
as (S1, . . . , Sk) runs over all ordered set partitions of {1, . . . , n} such that 1 ∈ S1. The canonical
basis for Pˆn1 will be obtained from the subset of the above, consisting of all characteristic functions
[[S1]] • · · · • [[Sl]]
labeled by standard composite ordered set partitions (S1]] • · · · • [[Sl) of {1, . . . , n} where each
block of each Si is a singlet. Finally, the canonical basis for Pn consists of the ordered set
14 NICK EARLY
partitions labeled by permutations with first label 1:
{[[1, i2, . . . , in]] : (i2, . . . , in) is a permutation of {2, . . . , n}}.
In Lemma 25 we define a bijection U between ordered set partitions (S1, . . . , Sk) of the set
{1, . . . , n} and standard composite set partitions. This bijection induces an endomorphism of
Pˆn appears quite analogous to the canonical decomposition of the homogeneous component of
the free Lie algebra, see the discussion around Lemma 8.22 in [21]. Also note the similarity
to Foata’s transform. It would be very interesting to look into these further, but we leave the
investigation to future work.
Lemma 25. There exists a bijection U between ordered set partitions of {1, . . . , n} and standard
composite set partitions.
Proof. Let (S1, . . . , Sk) be an ordered set partition of {1, . . . , n}. We first construct from
(S1, . . . , Sk) a standard composite set partition {S1, . . . ,Sl}, where
S1 = (Sil , . . . , Sk−1, Sk)
S2 = (Sil−1 , . . . , Sil−1)
...
Sl−1 = (Si2 , . . . , Si3−1)
Sl = (S1, S2, . . . , Si2−1).
Let us first fix the notation Ji = ∪S∈SiS. The construction is inductive:
• If 1 ∈ Sil , define S1 = (Sil , . . . , Sk).
• If standard ordered set partitions S1, . . . ,Sj−1 have been determined, so that (S1, . . . , Sk)
is the concatenation
(S1, . . . , Sk) = (S1, . . . , Sa,Sj−1, . . . ,S1),
then define Sj to equal
Sj = (Sij , . . . , Sa−1, Sa),
where the block Sij ∈ {S1, . . . , Sa} is characterized by the property that it contains the
smallest element sij ∈ {1, . . . , n} in the complement in (S1, . . . , Sk) of the segment to the
right of Sj−1, inclusive:
sij = min ({1, . . . , n} \ (Jj−1 ∪ · · · ∪ J1)) .
Conversely, if {S1, . . . ,Sl} is a standard composite ordered set partition with minimal first
block elements respectively s1, . . . , sl, let (si1 , . . . , sil) be the permutation of (s1, . . . , sl) such that
si1 > · · · > sil . We then reconstruct the ordered set partition (S1, . . . , Sk) as the concatenation
(Sil ,Sil−1 , . . .Si1). 
In Theorem 28, combining Theorem 21 and Lemma 25, starting from the bijection U we shall
induce a linear map (which we also denote by U) to derive an automorphism of Pˆn, proving
linear independence of the candidate canonical basis
{[[S1]] • · · · • [[Sl]] : {S1, . . . ,Sl} is a standard composite set partition of {1, . . . , n}}
of Pˆn. Namely, for the first step we have the linear map defined on the basis by
[pi] 7→ U([pi])
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where on the right-hand side U([pi]) = [[S1]]•· · ·• [[Sl]], say, is labeled by the standard composite
set partition {S1, . . . ,Sl}. As for the second step, by Theorem 21 this expands in the original
basis of Pˆn consisting of plates [pi]:
U([pi]) = ∑
pi
(−1)m−len(pi)[pi],
where m = len(S1) + · · ·+ len(Sl) and pi runs over all shuffle-lumpings of the standard ordered
set partitions S1, . . . ,Sl.
It may be interesting to compare Theorem 28 in what follows with Theorem 5.1 of [21] on the
construction of the Hall basis of the free Lie algebra, using the set of Lyndon words, ordered
alphabetically, for the Hall set.
We define a map C from the set of ordered set partitions to the set of packed words in {0, . . . , n−
1}, that is sequences {c1, . . . , cn} ∈ {0, . . . , n− 1}n satisfying the conditions
(1) 0 ∈ {c1, . . . , cn} and
(2) Successive values increase in steps of 1.
Proposition 26. There exists a bijection
C : {Ordered set partitions of {1, . . . , n}} → {packed words in {0, . . . , n− 1}}.
Proof. Let T = (T1, . . . , Tk) be an ordered set partition of {1, . . . , n}. We define a sequence
(c1, . . . , cn) by ci = j − 1, if i ∈ Tj. By construction 0 = ci for some i and the sequence is a
packed word on {0, . . . , n−1}: if some c ≥ 1 satisfies c ∈ {c1, . . . , cn} then c−1 satisfies the same.
Define C(T) = (c1, . . . , cn). Conversely, if (c1, . . . , cn) is a packed word on {0, . . . , n− 1}, define
an ordered set partition T = (T1, . . . , Tk) by letting Ti = {m ∈ {1, . . . , n} : cm = i− 1}. 
In what follows, we induce a partial order on the ordered set partitions from the lexicographic
order on packed words in {0, . . . , n− 1}.
Definition 27. Given two plates pi1 = [(T1, . . . , Tk)], pi2 = [(T ′1, . . . , T ′l )], say that pi1 ≺ pi2 if
C(T1, . . . , Tk) < C(T ′1, . . . , T ′l )
in the lexicographic order. This induces a total order on the set of plates, and thus on the basis
of their characteristic functions, in Pˆn.
Clearly the first element of ordered basis is the characteristic function of V n0 itself, since it
is labeled by the trivial ordered set partition, hence C([12 · · ·n]) = (0, . . . , 0). Similarly, the
last element is labeled by the ordered set partition ({n}, {n − 1}, . . . , {2}, {1}), where we have
C([n, n− 1, . . . , 2, 1]) = (n− 1, n− 2 . . . , 1, 0).
We now come to our main result.
Theorem 28. Let Bn be the set of characteristic functions of plates for the space Pˆn, labeled
by ordered set partitions of {1, . . . , n}. By Proposition 12 this is a basis, which we order lexico-
graphically. Then, the set
{[[S1]] • · · · • [[Sl]] : {S1, . . . ,Sl} is a standard composite set partition of {1, . . . , n}}
is also a basis.
Proof. By Theorem 21 we have
[[S1]] • · · · • [[Sl]] =
∑
pi
(−1)m−len(pi)[pi],
where m = k1 + · · · + kl and pi runs over all shuffle-lumpings of the ordered set partitions
S1, . . . ,Sl.
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We prove that the matrix of the endomorphism
[pi] 7→ U([pi]) = [[S1]] • · · · • [[Sl]] =
∑
pi
(−1)m−len(pi)[pi]
is upper triangular with 1’s on the diagonal, with respect to the lexicographically ordered basis
Bn of plates.
First note that as U([pi]) contains [pi] itself as a summand, it suffices to prove that U is
order non-increasing with respect to the lexicographic ordering from Definition 27 on ordered
set partitions.
With {S1, . . . ,Sl} the standard composite set partition coming from Lemma 25 applied to
the plate pi = [S1, . . . , Sk], consider an arbitrary (signed) summand of U([pi]). Such a summand
is labeled by a shuffle-lumping T = (T1, . . . , Tm) of the ordered set partitions S1, . . . ,Sl, with
respect to the ordered set partition ({1}, . . . , {n}). It follows from the construction of the ordered
set partitions S1, . . . ,Sl from (S1, . . . , Sk) in Lemma 25, that among all of their shuffle-lumpings
(S1, . . . , Sk) itself occurs and is maximal in the lexicographic order. It follows that the matrix
for U is upper triangular with 1’s on the diagonal. It follows that U is invertible. 
One can see that elements in the canonical plate basis are convolution products [pi1]• · · · • [pik]
of characteristic functions of plates pi1, . . . , pik which live in mutually orthogonal subspaces of
V n0 ; this means that the canonical plate basis consists of Cartesian products of standard plates.
Example 29. With respect to the lexicographic order
(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (0, 1, 2), (0, 2, 1), (1, 0, 0), (1, 0, 1),
(1, 0, 2), (1, 1, 0), (1, 2, 0), (2, 0, 1), (2, 1, 0),
via the bijection C, for the basis of characteristic functions of plates we have respectively
[[123]], [[12, 3]], [[13, 2]], [[1, 23]], [[1, 2, 3]], [[1, 3, 2]], [[23, 1]], [[2, 13]],
[[2, 1, 3]], [[3, 12]], [[3, 1, 2]], [[2, 3, 1]], [[3, 2, 1]]
and the map U takes the form
1 0 0 0 0 0 −1 −1 0 −1 0 0 1
0 1 0 0 0 0 0 0 −1 1 0 −1 −1
0 0 1 0 0 0 0 1 0 0 −1 0 −1
0 0 0 1 0 0 1 0 −1 0 −1 0 −1
0 0 0 0 1 0 0 0 1 0 1 1 1
0 0 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 0 0 1 0 0 0 0 0 −1
0 0 0 0 0 0 0 1 0 0 0 −1 −1
0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 0 1 0 0 −1
0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1

,
where columns 7 through 13 label linear combinations of characteristic functions of plates which
vanish outside a cone of codimension at least 1. It is informative to verify (for example, graph-
ically, using inclusion-exclusion, as in Figure 2) that the rightmost column, an alternating sum
over all 13 plates, encodes the characteristic function of the point (0, 0, 0), and that column 7
expresses
[[23, 1]] 7→ [[23, 1]] + [[1, 23]]− [[123]] = [[1]] • [[23]].
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Finally, column 12 encodes
[[2, 3, 1]] 7→ [[2, 3, 1]] + [[2, 1, 3]]− [[2, 13]] + [[1, 2, 3]]− [[12, 3]] = [[1]] • [[2, 3]],
or, in an order in which it is perhaps easier to see the shuffle-lumping,
[[1]] • [[2, 3]] = [[2, 3, 1]]− [[2, 13]] + [[2, 1, 3]]− [[12, 3]] + [[1, 2, 3]].
The following more involved example will serve to illustrate the upper-triangularity of Theorem
28.
Example 30. We have
U([[4 11, 10, 3, 5 7, 6 8, 1 9, 2]]) = [[1 9, 2]] • [[3, 5 7, 6 8]] • [[4 11, 10]],
where we omit the (rather long) alternating sum over all shuffle-lumpings of the ordered set
partitions
(1 9, 2), (3, 5 7, 6 8), (4 11, 10).
It is a useful exercise to apply Lemma 25 to check that
C({4, 11}, {10}, {3}, {5, 7}, {6, 8}, {1, 9}, {2}) = (5, 6, 2, 0, 3, 4, 3, 4, 5, 1, 0)
and verify that ({4, 11}, {10}, {3}, {5, 7}, {6, 8}, {1, 9}, {2}) is the shuffle-lumping that is maxi-
mal with respect to the lexicographic ordering: switching or merging any two blocks which are
not in the same ordered set partition results in a lexicographically smaller ordered set parti-
tion. For example, the shuffle-lumping obtained by merging {3} and {10}, which are in distinct
ordered set partitions, obviously decreases the lexicographic order:
C({4, 11}, {3, 10}, {5, 7}, {6, 8}, {1, 9}, {2}) = (4, 5, 1, 0, 2, 3, 2, 3, 4, 1, 0),
as does switching {3} and {10}:
C({4, 11}, {3}, {10}, {5, 7}, {6, 8}, {1, 9}, {2}) = (5, 6, 1, 0, 3, 4, 3, 4, 5, 2, 0).
As a consequence of Theorem 28 we have Corollary 31.
Corollary 31. The linear dimension of the degree k component (Pˆn)k of the space Pˆn, consisting
of linear combinations of characteristic functions of total dimension k Minkowski sums of plates,
is equal to the number of standard composite set partitions {S1, . . . ,Sk} of {1, . . . , n}. Namely,
dim((Pˆn)k) =
n∑
i=k
S(n, i)s(i, k).
Likewise, the linear dimension of the degree k component of the space Pˆn1 , consisting of linear
combinations of characteristic functions of pointed, total dimension k Minkowski sums of plates,
is equal to the kth Stirling number of the first kind,
dim((Pˆn1 )k) = S(n, n)s(n, k) = s(n, k).
Here S(n, i) is the Stirling number of the second kind, which counts the number of set partitions
of {1, . . . , n} into i blocks, and s(i, k) is the Stirling number of the first kind, which counts the
number of permutations of {1, . . . , i} which decompose as a product of k disjoint cycles.
Proof. In the formula for dim((Pˆn)k), the contribution S(n, i)s(i, k) is the product of the num-
ber of set partitions of n with i blocks, times the number of permutations of {1, . . . , i} which
decompose into k disjoint cycles. This is exactly the enumeration of the standard composite set
partitions {S1, . . . ,Sk}: each Sa is a standard ordered set partition and⋃
S∈S1
S ∪ · · · ∪ ⋃
S∈Sk
S = {1, . . . , n}.
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The formula for the dimension of the kth graded component (Pˆn1 )k follows by taking the unique
ordered set partition ({1}, . . . , {n}) of {1, . . . , n} and counting the number of permutations of
{1, . . . , n} which decompose into k disjoint cycles. 
Example 32. The formula in Corollary 31 is given in O.E.I.S. A079641, the matrix product
of the Stirling numbers of the second kind with the unsigned Stirling numbers of the first
kind. The first six rows are given below; note that the rows sum to the ordered Bell numbers
(1, 3, 13, 75, 541, 4683).
1
2 1
6 6 1
26 36 12 1
150 250 120 20 1
1082 2040 1230 300 30 1
The canonical basis for Pˆn1 has graded dimension given by the Stirling numbers of the first kind,
1
1 1
2 3 1
6 11 6 1
24 50 35 10 1
120 274 225 85 15 1.
5. Plates and trees
Let {(i1, j1), . . . , (in−1, jn−1)} be the set of oriented edges of a directed tree T on the vertex
set {1, . . . , n}. This data encodes a certain permutohedral cone which is also simplicial, given
explicitly as the conical hull
piT = 〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+.
In Theorem 33 we present a combinatorial formula which expands the characteristic func-
tion of the permutohedral cone assigned to any oriented tree on n vertices as a signed sum of
characteristic functions of plates.
The proof of Theorem 33 follows closely that of Theorem 21. The idea is to decompose a union
of overlapping closed Weyl chambers into a disjoint union of partially open Weyl chambers; then
the characteristic function of the disjoint union expands using the formula in Lemma 18. Then
we dualize to get the permutohedral cone piT .
Note that Theorem 33 appears to first order in [14] as a shuffle-identity among rational func-
tions.
Theorem 33. Let T = {(i1, j1), . . . (in−1, jn−1)} be a directed tree. We have, in the space Pˆn,
the identity of characteristic functions
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+] =
∑
pi:pia<pja
(−1)n−len(pi)[pi],
where we recall that pia < pja if and only if in the ordered set partition which labels pi, the label
ia is in a block strictly to the left of the block containing ja.
Proof. The dual cone is defined by the equations
〈ei1 − ej1 , . . . , ein−1 − ejn−1〉?+ =
{
y ∈ V n0 : yi1 ≥ yj1 , . . . , yjn−1 ≥ yjn−1
}
.
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We first claim that this is a union of those Weyl chambers ∪τ [τ ]? defined by yτ1 ≥ · · · ≥ yτm
which satisfy the n− 1 conditions τi1 > τj1 , . . . , τin−1 > τjn−1 . To see this, let e¯I1 , . . . , e¯In−1 be
the basis which is orthogonally dual to ei1 − ej1 , . . . , ein−1 − ejn−1 , so that e¯Ia · (eib − ejb) = δa,b.
Then we have from the corresponding vector space isomorphism a bijection of cone points
〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+ → 〈ei1 − ej1 , . . . , ein−1 − ejn−1〉?+ = 〈e¯I1 , . . . , e¯In−1〉+
defined by eia − eja 7→ e¯Ia , that is
n−1∑
a=1
ta(eia − eja) 7→
n−1∑
a=1
tae¯Ia .
Let [α1]?, . . . , [αm]? be the minimal set of Weyl chambers such that
〈ei1 − ej1 , . . . , ein−1 − ejn−1〉?+ ⊆ ∪mi=1[αi]?,
which means that the permutations α1, . . . , αm are all compatible with the orders (i1, j1), . . . ,
(in−1, jn−1). We show that this is an equality: for each y ∈ ∪mi=1[αi]?, since e¯I1 , . . . , e¯In−1 is
a basis for V n0 we have y =
∑n−1
a=1 tae¯Ia for some ta ∈ R, for equality it suffices to show that
yia − yja = y · (eia − eja) = ta ≥ 0 for all a = 1, . . . , n− 1. But having yia − yja < 0 for some a
would imply that αi is not compatible with the order (i1, j1), . . . , (in−1, jn−1).
As in Theorem 21, we replace the Weyl chambers [τ ]? with the (mutually disjoint) partially
open Weyl chambers Cτ from Lemma 18. By construction these all satisfy the inequalities
defining the dual cone, and we correspondingly have, for characteristic functions,
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉?+] =
∑
τ
[Cτ ],
where the sum is over all permutations τ = (τ1, . . . , τn) satisfying the n − 1 conditions τi1 >
τj1 , . . . , τin−1 > τjn−1 .
But from Lemma 18, for each such τ we have the further decomposition
[Cτ ] =
∑
pi
(−1)n−len(pi)[pi?],
where the sum is over all plates pi = [S1, . . . , Sk] which are labeled by ordered set partitions
(S1, . . . , Sk) such that each block is labeled by a permutation which has the set of consecutive
descents of τ , of the form τi1 > τi2 > · · · > τi|Si| . Summing over all such τ we obtain
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+] =
∑
pi:pia<pja
(−1)n−len(pi)[pi],
which completes the proof.

Example 34. Let T = 〈e1 − e2, e1 − e3〉+. Then
[〈e1 − e2, e1 − e3〉+] = [[1, 2, 3]] + [[1, 3, 2]]− [[1, 23]].
Corollary 35. Let T = {(i1, j1), . . . , (ik−1, jk−1)} be a directed tree, where ia, ja ∈ {1, . . . , k}
with ia 6= ja. Let {S1, . . . , Sk} be a collection of disjoint nonempty subsets of {1, . . . , n}. We
have
[[Si1 , Sj1 ]] • · · · • [[Sik−1 , Sjk−1 ]] =
∑
pi:pia<pja
(−1)k−len(pi)[pi].
Proof. The proof of Theorem 33 generalizes with minimal adjustment to the present case, when
{1, 2, . . . , n} is replaced by any collection of disjoint nonempty subsets (S1, . . . , Sk). 
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Figure 3. The relation for Example 34 and its dual
6. Straightening plates to the canonical basis
We prove in Theorem 36 the general expression for the expansion of a plate in the canonical
basis for Pˆn. This implies the result of Ocneanu’s original computation of the plate relations
in which he worked in a vector space generated formally by rooted binary trees. Note that in
practice one often works in one of the quotient spaces Pn, Pˆn1 or Pn1 , see Corollary 41.
Recall that if {T1, . . . ,Tm} is a composite set partition of {1, . . . , n}, then we say that pi < pj
if either of the following two conditions hold:
(1) i and j are in the same ordered set partition Ta with pi < pj, or
(2) i and j are in different ordered set partitions Ta and Tb, respectively, with a 6= b.
Further, we say that pi = pj if i and j are in the same block of the same ordered set partition.
Theorem 36. Let (Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk) be an ordered set partition of {1, . . . , n}. We
have
[[Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk]]
=
k∑
m=1
∑
{T1,...,Tm}
∑
pi
(−1)c(−1)(len(T1)+(k−l))−len(pi)[[T2]] • · · · • [[Tm]] • [pi],
where the sum ∑pi varies over all ordered set partitions of ⋃
U∈T1
U
 ∪ Sl+1 ∪ · · · ∪ Sk
satisfying the orientations
p(Sl) ≥ p(Sl−1) ≥ · · · ≥ p(S1) < p(Sl+1) < · · · < p(Sk),
using the symbol p(S) in place of (pi1 = · · · = pi|S|) whenever S = {i1, . . . , i|S|} ⊆ {1, . . . , n}.
The outer sum is over all composite set partitions {T1, . . . ,Tm} of ∪li=1Si satisfying the same
A CANONICAL PERMUTOHEDRAL PLATE BASIS 21
orientations
p(Sl) ≥ p(Sl−1) ≥ · · · ≥ p(S1) < p(Sl+1) < · · · < p(Sk).
Here c = |{i ∈ {1, . . . , l − 1} : pi < pi+1}| counts the pairs (Si, Si+1) such that Si and Si+1 are
in the same ordered set partition Ta with the (strict) orientation pi < pi+1.
Proof. Let us use the notation
• [[S, S ′]](c1) = [[S ′S]],
• [[S, S ′]](c2) = [[S ′, S]],
• [[S, S ′]](c3) = [[S]] • [[S ′]].
Due to the relation
[[S, S ′]] = [[S ′S]]− [[S ′, S]] + [[S]] • [[S ′]] = [[S, S ′]](c1) − [[S, S ′]](c2) + [[S, S ′]](c3),
where S, S ′ are nontrivial disjoint subsets of {1, . . . , n}, as well as
[[Sl, Sl−1, . . . , S1]] = [[Sl, Sl−1]] • [[Sl−1, Sl−2]] • · · · • [[S2, S1]],
we have
[[Sl, Sl−1, . . . , S1]]
= ([[S1S2]]− [[S1, S2]] + [[S1]] • [[S2]]) • · · · • ([[Sl−1Sl]]− [[Sl−1, Sl]] + [[Sl−1]] • [[Sl]])
=
∑
w∈{c1,c2,c3}l−1
(−1)#c2 (w)[[S1, S2]](w1) • [[S2, S3]](w2) • · · · • [[Sl−1, Sl]](wl−1)
=
k∑
m=1
∑
{T1,...,Tm}
(−1)c[[T1]] • · · · • [[Tm]],
where the sum is over all composite ordered set partitions {T1, . . . ,Tm} of S1 ∪ · · · ∪ Sl ⊆
{1, . . . , n}, for m ∈ {1, . . . , l}, satisfying
p(Sl) ≥ p(Sl−1) ≥ · · · ≥ p(S1).
Here #c2(w) counts the number of times that c2 appears in w ∈ {c1, c2, c3}l−1, and
c = |{i ∈ {1, . . . , l − 1} : pi < pi+1}|,
hence #c2(w) = c whenever
[[S1, S2]](w1) • [[S2, S3]](w2) • · · · • [[Sl−1, Sl]](wl−1) = [[T1]] • · · · • [[Tm]].
Multiplying by [[S1, Sl+1, . . . , Sk]] we have
[[Sl, Sl−1, . . . , S1]] • [[S1, Sl+1, . . . , Sk]] = [[Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk]],
hence
[[Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk]]
=
k∑
m=1
∑
{T1,...,Tm}
(−1)c[[T1]] • · · · • [[Tm]] • [[S1, Sl+1, . . . , Sk]]
=
k∑
m=1
∑
{T1,...,Tm}
(−1)c[[T2]] • · · · • [[Tm]] • ([[T1]] • [[S1, Sl+1, . . . , Sk]]) ,
where in the last line we have assumed that, if we denote T1 = (U1, . . . , Ut), then S1 ⊆ U1.
It remains to expand the characteristic function of the permutohedral cone specified by the
(directed tree) data
{(p(U1) < p(U2)), . . . , (p(Ut−1) < p(Ut)), (p(U1) < p(Sl+1)), (p(Sl+1) < p(Sl+2)) . . . , (p(Sk−1) < p(Sk))}
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in terms of the canonical plate basis. Now by Corollary 35 we have
([[T1]] • [[S1, Sl+1, . . . , Sk]]) =
∑
pi
(−1)(len(T1)+(k−l+1)−1)−len(pi)[pi]
=
∑
pi
(−1)(len(T1)+(k−l))−len(pi)[pi]
where the sum is over all ordered set partitions satisfying the orientations specified by the tree;
note that S1 must be in the first block of each pi, that is all pi which appear in the sum are
standard ordered set partitions. It follows that
[[Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk]]
=
k∑
m=1
∑
{T1,...,Tm}
(−1)c[[T2]] • · · · • [[Tm]] •
(∑
pi
(−1)(len(T1)+(k−l))−len(pi)[pi]
)
=
k∑
m=1
∑
{T1,...,Tm}
∑
pi
(−1)c(−1)(len(T1)+(k−l))−len(pi)[[T2]] • · · · • [[Tm]] • [pi].

Example 37. In Figure 4 we illustrate an expansion of the characteristic function [[2, 1, 3]] in
the canonical plate basis.
Figure 4. Some computations in the convolution algebra of permutohedral cones:
straightening to the canonical plate basis
Example 38. Let us indicate the key steps in straightening [[3, 2, 1, 4, 5]] to the canonical basis.
We have
[[3, 2, 1, 4, 5]]
= ([[23]]− [[2, 3]] + 1) • ([[12]]− [[1, 2]] + 1) • [[1, 4, 5]]
= ([[123]]− [[1, 23]] + [[23]]− [[12, 3]] + [[1, 2, 3]]− [[2, 3]] + [[12]]− [[1, 2]] + 1) • [[1, 4, 5]].
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These separate into two groups, one of which is already in the canonical basis and one which
requires further work. First, we have
[[23]] • [[1, 4, 5]]− [[2, 3]] • [[1, 4, 5]] + [[1, 4, 5]].
These are already in the canonical basis.
More work is required for the remainder,
([[123]]− [[1, 23]]− [[12, 3]] + [[1, 2, 3]] + [[12]]− [[1, 2]]) • [[1, 4, 5]].
Let us consider some term-by-term computations. We have
[[123]] • [[1, 4, 5]] = [[123, 4, 5]]
[[1, 23]] • [[1, 4, 5]] = [[1, 23, 4, 5]]− [[1, 234, 5]] + [[1, 4, 23, 5]]− [[1, 4, 235]] + [[1, 4, 5, 23]]
[[1, 2]] • [[1, 4, 5]] = [[1, 2, 4, 5]]− [[1, 24, 5]] + [[1, 4, 2, 5]]− [[1, 4, 25]] + [[1, 4, 5, 2]],
where we remark that in the last line the singlet [[3]] has been removed from the composite
ordered set partitions. It acts trivially via the convolution product, being the characteristic
function of the point (0, . . . , 0) ∈ V n0 . In full detail, the last line would be
−[[1, 2, 4, 5]] • [[3]] + [[1, 24, 5]] • [[3]]− [[1, 4, 2, 5]] • [[3]] + [[1, 4, 25]] • [[3]]− [[1, 4, 5, 2]] • [[3]].
Note that in each term which appears in present expansion of [[3, 2, 1, 4, 5]] in the canonical
basis we have p3 ≥ p2 ≥ p1 < p4 < p5. Note that that some orientations may hold trivially, for
example in [[1, 4, 5, 2]] • [[3]], the orientation p3 ≥ p2 is trivially satisfied.
Unfortunately the formula given in Theorem 36 is somewhat inconvenient; however, in the
quotient spaces Pn, Pˆn1 and Pn1 the expressions are much more manageable.
Corollary 39. Let [[Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk]] ∈ Pˆn, where (Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk) is
an ordered set partition of {1, . . . , n}. Then, passing to the quotient Pn we have
[[Sl, Sl−1, . . . , S1, Sl+1, . . . , Sk]] =
∑
pi
(−1)k−l−1−len(pi)[pi],
where the sum is over all plates pi labeled by ordered set partitions satisfying the orientations
p(Sl) ≥ p(Sl−1) ≥ · · · ≥ p(S1) < p(Sl+1) < · · · < p(Sk).
Proof. In Pn, in the formula in Theorem 36 only composite ordered set partitions {T1, . . . ,Tm}
having m = 1 contribute, matching the expression above except for the sign.
From Theorem 36 the sign is (−1)c(−1)(len(T1)+(k−l))−len(pi). We claim that for the quotient
Pn, the number c+ len(T1) is always odd. To see this, recall that in Pn, we have
[[S2, S1]] = [[S1S2]]− [[S1, S2]],
hence
[[Sl, Sl−1]] • · · · • [[S2, S1]] = ([[S1S2]]− [[S1, S2]]) • · · · • ([[Sl−1Sl]]− [[Sl−1, Sl]]).
Let T1 be any term in the expansion; now c counts the number of times the two-block terms
[[Si, Si+1]] appear in a product. But it is easy to see that a convolution product of c of the
two-block factors and c′ of the one-block factors is a plate [T1] with len(T1) = c + 1 blocks,
hence c+ len(T1) = c+ (c+ 1) = 2c+ 1, and so
(−1)c(−1)(len(T1)+(k−l))−len(pi) = (−1)k−l−1−len(pi).

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Example 40. Consider the characteristic function [[2, 1, 3]]. Here l = 2 and k = 3.
[[2, 1, 3]] = ((−1)c1 [[12]] + (−1)c2 [[1, 2]]) • [[1, 3]]
= (−1)c1 [[12]] • [[1, 3]] + (−1)c2 [[1, 2]] • [[1, 3]]
= (−1)c1(−1)d1 [[12, 3]] + (−1)c2((−1)d2 [[1, 2, 3]] + (−1)d3 [[1, 3, 2]] + (−1)d4 [[1, 23]]),
where c1 = 0 and c2 = 1 count the respective occurrences of p1 < p2. Further, each di is of the
form
di ∼ (len(T1) + (k − l))− len(pi).
That is,
(−1)d1 = (−1)(1+(3−2))−2 = 1,
(−1)d2 = (−1)(2+(3−2))−3 = 1,
(−1)d3 = (−1)(2+(3−2))−3 = 1,
(−1)d4 = (−1)(2+(3−2))−2 = −1.
For example, for the (−1)d4 coefficient we have [T1] = [1, 2] and pi = [1, 23].
Wrapping things up, in P3 we have
[[2, 1, 3]] = [[12, 3]] + [[1, 23]]− [[1, 2, 3]]− [[1, 3, 2]].
Straightening relations for the remaining quotient spaces are given in Corollary 41.
Corollary 41. Let (il, il−1, . . . , i1, il+1, . . . , in) be an ordered set partition of {1, . . . , n} where all
blocks are singlets.
Then in Pˆn1 we have
[[il, il−1, . . . , i1, il+1, . . . , in]] =
n∑
m=1
∑
{T1,...,Tm}
(−1)l−m[[T1]] • · · · • [[Tm]],
where the sum is over all (standard) composite set partitions satisfying the orientations
pil > pil−1 > · · · > pi1 < pil+1 < · · · < pin .
Note that all blocks in the composite set partitions above are singlets.
In Pn1 we have
[[il, il−1, . . . , i1, il+1, . . . , in]] = (−1)l−1
∑
pi
[pi],
where the sum is over all (standard) ordered set partitions satisfying the orientations
pil > pil−1 > · · · > pi1 < pil+1 < · · · < pin .
Note that the blocks in the ordered set partitions are in this case singlets.
Proof. The proof is similar to that for Corollary 39 and is omitted. 
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Appendix A. Functional representations
A.1. Laplace transforms. Below we observe that the formula of Theorem 33 carries over to
rational function representations, in a similar way to the discussion in [22], thus giving several
extremely useful functional representations of the spaces Pˆn,Pn, Pˆn1 , and Pn1 .
Following the well-known construction, see for example [5], any permutohedral cone
C = 〈v1, . . . , vk〉+ ⊂ V n0
which, after scaling the vi by a common factor is contained in an integer lattice L, maps, via
the discrete Laplace transform, to the rational function
Ld(C) =
∑
v∈C∩L
e−〈y,v〉.
We shall also need the integral Laplace transform, which we define by
LI(C) =
∫
C
e−〈y,v〉dv.
Definition 42. Let (S1, . . . , Sk) be an ordered set partition. Let Wn ⊂ V n0 be the lattice of
weights of type An−1. We define the functional representation of type Pn of a plate pi to be the
composition of the duality operator ? with the valuation (as in [4]) induced on characteristic
functions by the well-known discrete Laplace transform:
[[S1, . . . , Sk]] 7→ Ld ([[S1, . . . , Sk]]?) = Ld
(
[〈e¯S1 , e¯S1∪S2 , . . . , e¯S1∪···∪Sk−1〉]
)
=
k−1∏
i=1
1
1− e−
∑i
j=1 y¯Sj
,
for each plate [S1, . . . , Sk] ⊆ V n0 , where
y¯S = yS −
( |S|
n
n∑
i=1
yi
)
= |S
c|
n
yS − |S|
n
ySc .
For any plate pi = [i1, . . . , in] whose blocks are all singlets, we define the functional represen-
tation of type Pˆn1 of a plate pi = [i1, . . . , in] as
[[i1, . . . , in]] 7→ Ld ([[i1, . . . , in]]) =
n−1∏
i=1
1
1− e−(yi−yi+1) = (−1)
n−1 x2 · · ·xn
(x1 − x2) · · · (xn−1 − xn) ,
where we define xi = e−yi .
Finally, for any plate pi = [i1, . . . , in] whose blocks are again all singlets, we define the func-
tional representation of type Pn1 of a plate pi = [i1, . . . , in] as
[[i1, . . . , in]] 7→ LI ([[i1, . . . , in]]) =
n−1∏
i=1
1
yi − yi+1 .
For the general theory of functional representations of polyhedra cones relevant to Proposition
43, we refer to the reader to [3, 4, 5].
Proposition 43. The functional representations from Definition 42, of types Pn, Pˆn1 and Pn,
are well-defined.
Proof. According to [3, 4], see also Proposition 2.2 and respectively Proposition 2.1 in [5], un-
der the linear map induced by the discrete Laplace transform from characteristic functions of
polyhedral cones to rational functions, characteristic functions of non-pointed cones are mapped
to zero, and in the same way the linear map induced by the integral Laplace transform sends
characteristic functions of both non-pointed cones and higher codimension cones to the zero
rational function.
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Recall that the functional representation of type Pn is the composition of ? with the discrete
Laplace transform. That is, Ld([C?]) = 0 if and only if C? is not pointed. Now C? is not pointed
if and only if C is of higher codimension, by Remark 6. But Pn was defined to be the quotient of
Pˆn by the linear span of the characteristic functions higher codimensional cones, showing that
the functional representation of type Pn is indeed a (well-defined) linear homomorphism.
Recall that Pˆn1 was defined to be the quotient of Pˆn by the linear span of the characteristic
functions of all plates which have some block of size at least 2. Suppose pi = [S1, . . . , Sk] and we
have |Si| ≥ 2 for some i. Then pi contains both directions ea − eb and eb − ea for a, b ∈ Si with
a 6= b, meaning that Ld([pi]) = 0. This completes the proof that the functional representation of
type Pˆn1 is well-defined.
Finally, well-definedness for the functional representation of type Pn1 follows again by simply
noting that Pn1 is the quotient of Pˆn with spanning set those characteristic functions of plates
which are labeled by ordered set partitions having a block of size at least 2, or which are of
higher codimension. 
Remark 44. Sometimes it is convenient for computational insight to change variables in our
representation of type Pn. Put xi = e−y¯i ; note that x1 · · ·xn = e0 = 1. Then the functional
representation of type Pn looks like
[[S1, . . . , Sk]] 7→
k−1∏
i=1
1
1−∏j∈S1∪···∪Si xj ,(3)
and in computations one is forced to consider the relation x1 · · · xn = 1 on a case-by-case basis.
Then the series expansion of (3) converges on the plate [S1, . . . , Sk], in the y¯i variables.
A.2. Examples: Laplace transforms of permutohedral cones for tree graphs. We now
illustrate the signed sum expansions of the characteristic function of the permutohedral cone
associated to a tree, for the functional representations of types Pn, Pˆn1 and Pn1 .
A tree simplex may be cut out using inequalities by taking the orthogonal dual in V n0 to the
root basis {eia − eja : a = 1, . . . , n− 1}, as specified by the tree.
Proposition 45. Let T be a tree with oriented edge set
{(i1, j1), . . . , (in−1, jn−1)}.
This means that BT = {ei1 − ej1 , . . . , ein−1 − ejn−1} is a basis for V n0 and the conical hull
〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+
is a simplicial cone in V n0 . Let {e¯I1 , . . . , e¯In−1} be the basis of V n0 which is orthogonal to BT , for
subsets Ik ⊂ {1, . . . , n}. Then, we have
〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+ =
{
x ∈ V n0 : e¯I1 · x ≥ 0, . . . , e¯In−1 · x ≥ 0
}
.
Proof. This essentially follows from Theorem 33; we fill in the details.
Let {e¯I1 , . . . , e¯In−1} be the basis of V n0 which is orthogonal to {ei1 − ej1 , . . . , ein−1 − ejn−1}.
Then, given x = ∑n−1k=1 tk(eik − ejk) with tk ≥ 0, we have e¯Ik ·x = tk ≥ 0. Conversely, any x ∈ V n0
has a unique expansion
x =
n−1∑
k=1
tk(eik − ejk)
for some t1, . . . , tn−1 ∈ V n0 . If e¯Ik · x ≥ 0 for each subset Ik, k = 1, . . . , n− 1, define tk = e¯Ik · x,
and we have
x =
n−1∑
i=1
tke¯Ik .
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
We have the following explicit closed form for the functional representation of type Pn1 . It
may be interesting to compare Proposition 46 with [5], for example Corollary 5.3.
Proposition 46. Let T be a tree with oriented edge set
{(i1, j1), . . . , (in−1, jn−1)}.
We have the following identities.
(1)
∑
{T:pik<pjk}
(−1)n−len(T)
k−1∏
i=1
1
1− e−
∑i
j=1 y¯Tj
=
k−1∏
i=1
1
1− e−
∑i
j=1 y¯Ij
where the sum is over all ordered set partitions of {1, . . . , n} which respect the orientations
pik < pjk , and the sets I1, . . . , In−1 are defined such that {e¯I1 , . . . , e¯In−1} is orthogonal to
the basis {ei1 − ej1 , . . . , ein−1 − ejn−1}.
(2)
∑
{σ∈Sn:pik<pjk}
1
(1− xσ1/xσ2) · · · (1− xσn−1/xσn)
=
n−1∏
k=1
1
1− xik/xjk
,
where the sum is over all permutations of (1, . . . , n) which respect the orientations pik <
pjk .
(3)
∑
{σ∈Sn:pik<pjk}
1
(xσ1 − xσ2) · · · (xσn−1 − xσn)
=
n−1∏
k=1
1
xik − xjk
,
where again the sum is over all permutations of (1, . . . , n) which respect the orientations
pik < pjk .
Proof. Recall the change of variable xi = e−yi .
From Theorem 33 in Pˆn we have the identity
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+] =
∑
pi:pia<pja
(−1)n−len(pi)[pi],
where the sum is over all ordered set partitions compatible with the orientations
pi1 < pj1 , . . . , pin−1 < pjn−1 .
Now we apply the formulas provided in the definitions of the functional representations, noting
that from Proposition 43, the functional representations of types Pn, Pˆn1 and Pn1 respect the
identity from Theorem 33. Therefore it suffices to compute the images under the functional
representations of
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉+].
In the functional representation of type Pn we have
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[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉] 7→ Ld
(
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉?
)
= Ld
(
[〈e¯I1 , e¯I2 , . . . , e¯In−1〉]
)
=
∞∑
k1,...,kn−1=0
e−(k1y¯I1 )e−(k2y¯I2 ) · · · e−(kn−1y¯In−1 )
=
k−1∏
i=1
1
1− e−y¯Ij
where the indices I1, . . . , In−1 are defined such that {e¯I1 , . . . , e¯in−1} is orthogonal to the basis
{ei1 − ej1 , . . . , ein−1 − ejn−1}.
In the functional representation of type Pˆn1 we have
[〈ei1 − ej1 , . . . , ein−1 − ejn−1 ] 7→ Ld
(
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉
)
=
∞∑
k1,...,kn−1=0
(xi1/xji)k1 · · · (xin−1/xjn−1)kn−1
=
n−1∏
k=1
1
1− xik/xjk
.
In the functional representation of type Pn1 we have
[〈ei1 − ej1 , . . . , ein−1 − ejn−1 ] 7→ LI
(
[〈ei1 − ej1 , . . . , ein−1 − ejn−1〉
)
=
∫ ∞
t1,...,tn−1=0
e−
∑
tk(yik−yjk )dt
=
n−1∏
k=1
1
yik − yjk
.

It may be interesting to compare the simplicial cone in Example 47 with the simplices appear-
ing in the triangulation of the type A3 root polytope, in [19]. The cone below is also represented
functionally (using functions which are of type P4q ) in [14]. There the functions are called Cayley
functions. The computation is included below.
Example 47. Let T = {(1, 3), (2, 3), (1, 4)} be a tree. Then we have
[〈e1 − e3, e2 − e3, e1 − e4〉] = [[1, 2, 3, 4]] + [[1, 2, 4, 3]] + [[1, 4, 2, 3]] + [[2, 1, 3, 4]] + [[2, 1, 4, 3]]
− ([[12, 3, 4]] + [[12, 4, 3]] + [[1, 24, 3]] + [[1, 2, 34]] + [[2, 1, 34]])
+[[12, 34]].
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In the functional representation of type P4 we have
1
(1− x1) (1− x1x2) (1− x1x2x3) +
1
(1− x1) (1− x1x2) (1− x1x2x4) +
1
(1− x1) (1− x1x4) (1− x1x2x4)
+ 1(1− x2) (1− x1x2) (1− x1x2x3) +
1
(1− x2) (1− x1x2) (1− x1x2x4)
− 1(1− x1x2) (1− x1x2x3) −
1
(1− x1x2) (1− x1x2x4) −
1
(1− x1) (1− x1x2x4) −
1
(1− x1) (1− x1x2)
− 1(1− x2) (1− x1x2)
+ 11− x1x2
= 1− x
2
1x2x3x4
(1− x1) (1− x2) (1− x1x2x3) (1− x1x4)
= 1(1− x2) (1− x1x2x3) (1− x1x4) ,
since x1x2x3x4 = 1.
Let us also illustrate the functional representation of type P41 . In that case we have
1
(x1 − x2) (x2 − x3) (x3 − x4) +
1
(x1 − x2) (x2 − x4) (x4 − x3) +
1
(x1 − x4) (x4 − x2) (x2 − x3)
+ 1(x2 − x1) (x3 − x4) (x4 − x2) +
1
(x2 − x1) (x1 − x4) (x4 − x3)
= 1(x1 − x3) (x2 − x3) (x1 − x4) .
1
3
2
4 5
6
7
Figure 5. The tree which encodes the orientations in Example 48
We present the results of a more involved example which can be worked with the aid of a
computer.
Example 48. The directed edges for the tree in Figure 5 are labeled by the ordered pairs
(1, 3), (2, 3), (2, 4), (2, 5), (3, 6), (7, 3)
and encode the permutohedral cone
〈e1 − e3, e2 − e3, e2 − e4, e2 − e5, e3 − e6, e7 − e3〉+.
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We apply the combinatorial expansion from Theorem 33 to give functional representations of
this cone of types Pn, Pˆn1 ,Pn1 , ignoring respectively higher codimensional cones, non-pointed
cones and both. In the functional representation of type Pn1 we have a sum of fractions over 124
ordered-pair compatible permutations, which eventually collapses to
1
(x1 − x3) (x2 − x3) (x2 − x4) (x2 − x5) (x3 − x6) (x7 − x3) .
In the functional representation of type Pˆn1 we find
x33x4x5x6
(x1 − x3) (x2 − x3) (x2 − x4) (x2 − x5) (x3 − x6) (x7 − x3)
= 1(1− x1/x3)(1− x2/x3)(1− x2/x4)(1− x2/x5)(1− x3/x6)(1− x7/x3) .
Recall that there is additional structure that is being missed in Pn1 , and that it can be traced
back to variations of a single linear relation. For Pn1 we have from the integral Laplace transform
[[i, j] + [[j, i]] 7→ 1
xi − xj +
1
xj − xi = 0,
while for Pˆn1 we have from the discrete Laplace transform
[[i, j]] + [[j, i]] 7→ 11− xi/xj +
1
1− xj/xi = 1,
where 1 corresponds to a point, the origin, under the discrete Laplace transform.
Note that in Pˆn we have an additional lumped term [ij], which is the whole line
[ij] = {x ∈ V n0 : xi + xj = 0 and xa = 0 for all a 6∈ {i, j}},
hence
[[i, j]] + [[j, i]] = [[i, j]] · [[j, i]] + [[ij]].
In Pn the characteristic function [[i, j]] · [[j, i]] of the point (0, . . . , 0) is mapped to zero, while
for Pˆn1 the lumped term [[ij]] is mapped to zero. In Pn1 both are mapped to zero.
Starting in Pˆn, applying Theorem 33 we have an alternating sum of 653 fractions labeled by
ordered set partitions. After implementing on the computer, repeatedly imposing the condition
x1 · · ·x7 = 1 it collapses to
x1x2x3x
2
4x
2
5x
2
6
(1− x1) (1− x4) (1− x5) (1− x2x4x5) (1− x6) (1− x1x2x3x4x5x6)
= 1(1− x1) (1− x7) (1− x2x4x5) (1− x1x2x3x4x5x7) (1− x1x2x3x5x6x7) (1− x1x2x3x4x6x7) .
After the change of variable xi = e−yi , the domain of convergence coincides with the original
permutohedral cone
〈e1 − e3, e2 − e3, e2 − e4, e2 − e5, e3 − e6, e7 − e3〉+
and is cut out by the system of inequalitiesy ∈ R7 :
y1 ≥ 0 y7 ≥ 0 y245 ≥ 0
y123457 ≥ 0 y123567 ≥ 0 y123467 ≥ 0
y1234567 = 0
 ,
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which are equivalently determined by requiring nonnegativity of the dot product y · e¯I (where
y ∈ V n0 ) for each e¯I in the basis
{e¯1, e¯7, e¯245, e¯123457, e¯123567, e¯123467}
of V n0 which is orthogonal to the root basis determined by the ordered pair data as encoded in
Figure 5,
e1 − e3, e7 − e3, e2 − e3, e3 − e6, e2 − e4, e2 − e5,
where as usual e¯I = |I
c|
n
eI − |I|n eIc for I a proper subset of {1, . . . , n}.
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